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Classical error correction

� Classically, only one possible type of error: bit flip (0↔ 1)

� Easy solution: redundant coding, e. g.,

0L = 000 , 1L = 111

� Detect and fix by parity checks (or counting)
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Quantum error correction

� Can still detect bit flips, e. g., by measuring parity with Z1Z2 and
Z2Z3 (same bit→ +1):

Z1Z2 |000〉 = |000〉
Z1Z2 |100〉 = − |100〉

...

� Qubits have phase: how to correct for phase flips?

Z1Z2 |000〉 = (+1) |000〉
Z1Z2(− |000〉) = (+1)(− |000〉)

...
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Quantum error correction

� Phase flips mean we need more complex encoding schemes:
this is the crucial part of QEC

� Example: Shor code,

|0〉L =
1

2
√

2
(|000〉 + |111〉)(|000〉 + |111〉)(|000〉 + |111〉)

� Bit flips: ZiZi+1 , Zi+1Zi+2

� Phase flips: X1 · · ·X6 , X4 · · ·X9
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Syndrome extraction

� Another problem: measurement of quantum states is
destructive

� Solution: measure correlations, output on “ancilla” qubits

Example: bit flip on |ψ〉 = α |000〉 + β |111〉
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Stabilizer formalism

� Stabilizer group
S = {S1, S2, ... , Sn}

� Stabilizers commute, have eigenvalues ±1

� Space of codewords is intersection of λ = +1 eigenspaces of Si

(stabilizers should not affect codewords)

� Allows for specific errors, whose corresponding operators
anticommute with one Si
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Stabilizer formalism

� Example: 3-qubit repetition code,

|0〉L = |000〉 , |1〉L = |111〉

� Stabilizer group

S = 〈Z1Z2, Z2Z3〉 = {I, Z1Z2, Z2Z3, Z1Z3}

� Bit flip on qubit i can be detected
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Surface code

� Code qubits (purple) and syndrome/ancilla qubits (green:
bit-flip and yellow: phase-flip) at sites of 2D lattice

� Stabilizer code, nearest-neighbor connectivity, decoupled code
qubits⇒ high fault-tolerant error thresholds, scalable geometry
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