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1) Atom-light interaction:
Consider two levels of the atom (e.g. two eigenstates of Hydrogen or the ground and excited
states of a transmon qubit) such that we can write
Hatom = Eg |gihg| + Ee |eihe|,

(1)

where |gi denotes the ground state and |ei the excited state. A single atom may interact with
light (here we consider a single frequency light source such as a laser or a microwave generator)
via the dipole interaction and can be described by the Hamiltonian H = Hatom + Hint with
the interaction given by
Hint = −dˆ · E = −dˆE0 cos(ωl t + φ),

(2)

where dˆ = ex̂ is the dipole operator for the atom, E0 is the electric field strength of the light
and ωl is angular frequency of the light.
Write the energy difference as ~ωa = Ee − Eg and argue that the Hamiltonian can be
written as
H=

~Ω
~∆
σz +
σx
2
2

(3)

with ∆ = ωa − ωz and where σx and σz are the Pauli x and z operators.
Hint 1: In the |gi, |ei-basis the Pauli operators can be written as σz = |eihe| − |gihg| and
σz = |eihg| + |gihe|.
Hint 2: Consider the Hamiltonian Hint in the interaction picture with the Hamiltonian
l
H0 = ~ω
2 σz .
Hint 3: Use the rotation-wave approximation |∆|  ωa + ωl .
2) Rabi oscillations: Consider the case where ∆ = 0. Show that the time evolution
operator can be written in the form


cos 12 Ωt
−i sin 21 Ωt
U (t) =
.
(4)
−i sin 12 Ωt
cos 21 Ωt
Determine the qubit state as a function of time t for an initial ground, |gi, state and under
this time-evolution and illustrate this on the Bloch sphere. What is the role of Ω in the
time-evolution? A π-pulse is defined as a π-rotation around the Bloch-sphere. Determine
the interaction time tπ needed for a π-pulse.
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