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Find E0 depending

on bond lenth R
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outline

‚ Representation with qubits:

Hamiltonian of molecular hydrogen

‚ 2 algorithms to find ground state energy:

˚ Variational Quantum Eigensolver

˚ Phase Estimation Algorithm

‚ concrete implementation and outlook:

Chip, further experiments
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Part I: Representation with qubits
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Why quantum computing?

Problem: find ground state energy E0 of physical system

classical: N spin-1
2

particles

Ñ need 2N basis states |ϕky to represent |Ψy “
2N
ř

k“1
ck |ky

Ñ OpeNq bits for coefficients

Quantum: A wavefunction is approximated with a wavefunction

Ñ N spin-1
2

particles Ñ OpNq qubits
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Qubit representation of physical systems

We need to: Â represent the wavefunction Ψ with qubits

Â represent the Hamiltonian as unitary acting on qubits
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Qubit representation of physical systems

Second quantization: need to represent |Ψy, 
:

 , 

simple way to represent |Ψy (fermionic systems):

‚ |Ψy “ |ƒN´1...ƒ...ƒ0y Ñ pƒN´1...ƒ...ƒ0qT, ƒ P t0,1u
Ò Ò

occupation number of i’th state i’th qubit

‚ 
:

 “ 1bn´j´1b Q̂`b rσbj
z
s, Q̂: “ |1y x0| “ 1

2
pσ´ σyq

choose matrix A s.t. low number of gates necessary
to represent 

:

 ,  Ñ Bravij-Kitaev transformation

‚ generalize:|Ψy Ñ A ¨ pƒN´1...ƒ...ƒ0qT mod 2

(transformation has to be invertable)

7



molecular hydrogen

second quantization + Born-Oppenheimer approximation

ùñ H “
ř

j
hj

:

j `
1
2

ř

jk
hjk

:


:

jk

Which orbitals do we have?

Use minimal basis (STO-6G)Ñ one orbital for each H-atom (|ΨH1y, |ΨH2y)

|Ψgy “
1
?
2
p|ΨH1y ` |ΨH2yq, |Ψy “

1
?
2
p|ΨH1y ´ |ΨH2y)

add spin:

|χ0y “ |Ψgy |αy, |χ1y “ |Ψgy |βy, |χ2y “ |Ψy |αy, |χ3y “ |Ψy |βy

Ñ 4 orbitals Ñ 4 qubits
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Bravij-Kitaev transformation

H “ ƒ01` ƒ1Z1` ƒ3Z2` ƒ1Z0Z1` ƒ4Z0Z2` ƒ5Z1Z3` ƒ6X0Z1X2` ƒ6Y0Z1Y2
` ƒ7Z0Z1Z2` ƒ4Z0Z2Z3` ƒ3Z1Z2Z3` ƒ6X0Z1X2Z3
` ƒ6Y0Z1Y2Z3` ƒ7Z0Z1Z2Z3

˚ initial state: use Hartree-Fock-state

Ñ qubit ’’ is eigenstate of Z

Ñ qubits 1 and 3 remain unchanged by H

Ñ reduce system to only qubits 0 and 2

ùñ H “ g01` g1Z0` g2Z1` g3Z0Z1` g4Y0Y1` g5X0X1

“
ř

γ
gγHγ

ùñ starting point for VQE and PEA
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Part II: Algorithms to find ground state energy
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Variational Quantum Eigensolver

goal: find E0 of H2 depending on bond length R

Â use variational principle:xΨp
~Θq|H|Ψp ~Θqy

xΨp ~Θq|Ψp ~Θqy
“ Ep ~Θq ě E0

Â ground state: |Ψp ~Θ˚qy, ~Θ˚ “ argminpEp ~Θqq, Ep ~Θ˚q “ E0

Â |Ψp ~Θqy “ Up ~Θq |y, |y: initial state, Up ~Θq: unitary

unitary coupled cluster theory: |Ψp ~Θqy “ e´ΘX0Y1 |01y
Ò

initial state |y “ |01y, Hartree-Fock state
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VQE Algorithm

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

reminder:
H “ g01` g1Z0` g2Z1` g3Z0Z1` g4Y0Y1` g5X0X1 “

ř

γ
gγHγ

|Ψp ~Θqy “ e´ΘX0Y1 |01y
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1. Prepare initial state |y “ |01y

2. Measure Ep ~Θq for ”all” (e.g. 1000) values of Θ P r´π, πs (R given)

Ep ~Θq “ xΨp ~Θq|H |Ψp ~Θqy “
ř

γ
gγ xΨp ~Θq|Hγ |Ψp ~Θqy

3. Find minimum Θ˚ of EpΘq classically

Ñ ground state energy for bond length R: EpΘ˚q
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VQE algorithm

e´ΘX0Y1 xΨp ~Θq|Hγ |Ψp ~Θqy
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||Agnes & Frédéric (QIP)

▪ Implement : 

▪ Use : 

▪ Apply :

1

2. Algorithm: Phase Estimation Algorithm,  
                       How to implement time evolution? 

.



||Agnes & Frédéric (QIP)

▪ General case:                                                    , 

▪ Our case: 

▪ Relation between phase & energy:
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Phase Estimation Algorithm: Goal.



||Agnes & Frédéric (QIP)

▪ With                    ,  

▪ Example :
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Writing phase in binary representation:
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Idea:

, (                                                    ).
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PEA (1): Circuit.

m-1
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 PEA (2): Action of one specific power of CU gate.
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PEA (3): Circuit.



||Agnes & Frédéric (QIP)

▪ Write phase in binary representation: 

▪ Example:  

▪ One gets:
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PEA (4).
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PEA(5).
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Fourier Transformation:
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Circuit of actual experiment:
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Measurement results for VQE & PEA.
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Part 3: Concrete Implementation and outlook (1).

https://www.nature.com/articles/nature23879#f3
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Part 3: Concrete Implementation and outlook (2).

https://www.nature.com/articles/nature23879#f3
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Different representations of QFT.


