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Abstract

In this semester thesis we investigate the quality factor of a rect-
angular superconducting 3D microwave niobium cavity used for cavity
QED measurements. We show that the resonance frequency of our
rectangular cavity in vacuum at 7.2 K is well described by FEM sim-
ulations and that we can achieve quality factors of about 1’400’000
in liquid helium for the third mode. Further we measure the losses
due to additional copper electrodes placed at the nodes of the third
mode which gives a total quality factor of 689’000. Finally we measure
the quality factor for the cavity with the copper electrodes and two
entrance holes in the cavity for the cavity-Rydberg atom interaction
which results in a quality factor of Q ≈ 608′000. This result shows
that we should be able to measure in the strong coupling regime and
perform dispersive shift experiments with the cavity.
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1 Introduction

In the past decades a lot of research on quantum computing and their practi-
cal realization was done in different fields of physics such as trapped ions [1],
single spins in semiconductors [2] or photons [3]. Some outlook of quantum
information is given by M. H. Devoret [4]. Most of these experiments have
their advantages but also their weaknesses and that’s why hybrid systems
were developed which use the strengths of each type of setup and reduce
the negative features [5][6]. The Rydberg Project in the Quantum Device
Lab at the ETH Zürich tries to implement a hybrid system consisting of
Rydberg atoms and superconducting circuits.

1.1 Goal of the Rydberg Project

To realize such a hybrid system the Rydberg Project combines the advan-
tages of superconducting qubits with the advantages of Rydberg atoms.
Superconducting qubits have the advantage of a strong coupling strength
g/2π ≈ 150 MHz [7] [8], coherence times of up to τ ≈ 100µs [9], single
qubit gate times within 5 to 50 ns [4] and a good scalability. Rydberg
atoms have a coupling strength of g/2π ≈ 1.5 MHz [10] and long coherence
times up to τ ≈ 1 ms. So the idea is to couple the superconducting qubit
via the cavity photons to the Rydberg atoms. This gives the advantages of
the stronger coupling strength and the shorter gate time of superconduct-
ing qubits and the longer coherence time of Rydberg atoms. The Rydberg
atoms are then used to read out the information about the superconducting
qubit.

Jaynes-Cumming-Hamiltonian

The main idea is to couple via a resonator to Rydberg atoms. The Hamil-
tonian describing a system of N atoms coupling to n cavity photons is
the Tavis-Cummings-Hamiltonian HTC [11][12]. For a single cavity pho-
ton (n = 1) the Tavis-Cumming-Hamiltonian reduces (approximately) to
the Jaynes-Cumming-Hamiltonian

HTC ≈ HJC = ~ωca†a+ ~
ωa
2
σz + ~gN (a†σ− + aσ+) (1)

where a†, a are the creation and annihilation operator of the cavity field
with cavity frequency ωc, σz the Pauli z-operator and σ+, σ− the creation
and annihilation operator of the atom with transition frequency ωa. The
first term can be seen as the cavity Hamiltonian, the second part as the
atom Hamiltonian and the third as the coupling Hamiltonian. The many
atom coupling strength gN is given as gN = g1

√
N with g1 = daE0/~ the

coupling strength of a single atom with dipole moment da coupled to the
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rms field E0 of a single photon inside the cavity.
We further use the uncoupled states |e, n > and |g, n+1 > and ∆ = ωa−ωc
the detuning of the frequencies. Here e and g stands for the two level system
of the atom and n and n+1 for the field levels of the cavity. We also define
the n-photon Rabi frequency Ωn:

Ωn = Ω0

√
n+ 1 (2)

where Ω0 = 2g1 is the vacuum Rabi frequency. We introduce the mixing
angle Θn to calculate the eigenenergies and eigenstates of the JC Hamilto-
nian:

tanΘn =
Ωn

∆
(3)

If we restrict us to the so called nth doublet, which means fixed photon
number n, the eigenstates and eigenenergies are represented as the following
for the Jaynes-Cumming-Hamiltonian [13]:

E±n = (n+ 1/2)~ωc ±
~
2

√
∆2 + Ω2

n (4)

and eigenstates:

|+, n > = cos(Θn/2)|e, n > +isin(Θn/2)|g, n+ 1 > (5)

|−, n > = sin(Θn/2)|e, n > −icos(Θn/2)|g, n+ 1 > (6)

These states are called dressed states. An illustration of the eigenstates of
the Jaynes-Cumming-Hamiltonian is shown in figure 1. Note that this is
true for all n only if N=1. For N > 1 and n = 0 we use the approximation
HTC ≈ HJC where eqn’s (4),(5) and (6) would still hold.
For resonant detuning, ∆ = 0, we observe the splitting of the energy by
2~gN . For non-resonant detuning ,∆ >> Ωn, we are in the dispersive limit.
Here the dressed states are dominated by the uncoupled states |e, n > and
|g, n+ 1 > but have an admixture of the opposite state. Due to this admix-
ture we see a shift in the atomic transition. This can better been seen when
we apply the unitary transformation U = exp[gN∆ (aσ+−a†σ−)] on HJC and
expand to second order in gN [14]:

UHU † ≈ ~
[
ωc +

g2
N

∆
σz

]
a†a+

~
2

[
ωa +

g2
N

∆

]
σz (7)

The shift
g2N
∆ (n+ 1/2) is interpreted as the ac Stark/Lamb shift of the atom

transition. Alternatively we can interpret
g2N
∆ σz as the dispersive shift of
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the resonator transition. By observing the magnitude and the direction of
this shift it is possible to read out the dressed states of Rydberg atoms
without disturbing them. This shift is best observed in the strong coupling
regime where the coupling strength dominates over the present losses and
the interaction time, i.e.

gN > κ, γns, γnp, T
−1
int (8)

Here κ is the total loss rate of the cavity, γns/np the decay time of the

ns/np state of the Rydberg atom and T−1
int the inverse interaction time of

the Rydberg atoms with the cavity field.

Figure 1: Schematic sketch of the dressed state of the nth doublet of the
Jaynes-Cumming-Hamiltonian. From [13].

1.2 Current state

In the Rydberg Project two types of resonators are used. The first is a 2D
CPW resonator made of NbTiN where the Rydberg atoms fly above the
resonator. The quality factor (Q factor) of this resonator is about 10’000.
The resonator has a large microwave field which leads to a strong coupling.
The CPW resonator has a typical single atom coupling strength of g/2π =
1MHz at 20µm distance above the surface, which exponentially decays with
the distance. Close to surfaces the Rydberg atoms experience a DC-shift
from electrical stray fields which were studied spectroscopically by Thiele et
al. [15].
The second type of resonator is a 3D rectangular copper cavity. The best Q
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Table 1: Table of relevant parameters of the experiment.

Name Parameter Value

two-level-system two-level-system 36s-36p

resonator/transition freq. wc
2π ≈

wa
2π 21.530 GHz

dipole moment da 1890 ea0

electrical field amplitude E0 1.25 mV
m

JC single coupling strength g1
2π 30 kHz

number of Rydberg atoms N 1000

coupling strength for many atoms gN
2π 1 MHz

inverse interaction time T−1
int 0.5 MHz

36s decay rate γ36s
2π 5 kHz

36p decay rate
γ36p
2π 76 kHz

intern copper cavity loss rate
κint,Cu

2π 2 MHz

total copper cavity loss rate κCu
2π 4 MHz

intern niobium cavity loss rate
κint,Nb

2π 35 kHz

total niobium cavity loss rate κNb
2π 70 kHz

factor was about 15’000. The 3D cavity has the advantage of a homogeneous
microwave field perpendicular to the beam and typically close to zero stray
fields. The Rydberg atom-cavity interaction and the manipulation of the
Rydberg atoms through the quadratic AC Stark effect with this copper
cavities were mainly examined in the master thesis of S. Ruffieux [16]. Table
1 lists the relevant parameters for the copper cavity. Since κCu > gN , the
copper cavities do not fulfill the criterion for the strong coupling regime, eq.
(8). That’s why a new niobium cavity was designed to perform dispersive
shift measurements in the strong coupling regime in the future.

1.3 This thesis

In this thesis we examined the Q factor for a superconducting 3D niobium
microwave cavity. For that a 3D cavity, based on a previous design of the
copper cavities, was constructed. In a first step we measured the tempera-
ture dependence of a basic cavity (specified in section 2.3) and compared it
to a theoretical model for the Q factor which includes the superconductivity
of niobium. In the second step we performed measurements with copper
electrodes placed at the nodes of the third cavity mode and compared the
results to a theoretical model that explains the change in the Q factor due
to losses (see section 2.3). In a third and fourth step we simultaneously mea-
sured the Q factor of the cavity with and without the electrodes for different
sizes of entrance holes for the Rydberg atoms. In this study we stopped at
a certain radius of the entrance hole in order to keep the Q factor above a
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threshold of 600’000.
The results showed that the cavity is sufficient to do measurement in the
strong coupling regime in terms of the Q factor. This gives the basis to
observe the dispersive shift in further measurements.

2 Theory

In this section we will present the fundamental equations to determine the
resonance frequency and the Q factor of rectangular 3D cavities and will give
a model to modify the Q factor equation for superconducting cavities. We
will also present a detailed view of the realized niobium cavity. In general
we will follow the books of D. Pozar [17] and R. Collin [18].

2.1 Basics of rectangular 3D cavities

Figure 2: Illustration of a rectangular cavity with edge lengths a,b and d.
The standing wave in direction of a (l=1 and l=2) and the standing wave in
direction of b (m=1) are drawn. From [17] and edited.

For our case we’ll concentrate on the analytic solution of a rectangular cav-
ity. We assume a cavity with fixed edge lengths a,b and d. In general a
denotes the longest dimension. We derive the following condition for the
wave number using the known TE modes for a rectangular waveguide with
lengths a and b and new boundary conditions for the cavity:
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kmnl =

√
(
mπ

a
)2 + (

nπ

d
)2 + (

lπ

b
)2 (9)

This describes standing waves inside the cavity which are called TEmnl or
TMmnl modes. Figure 2 illustrates the TE001, TE002 and TE100 modes.
The indices m,n and l refer to the standing wave pattern in the a,d and b
direction. For the resonance frequencies we derive the following equation:

fmnl =
c

2π
√
µrεr

·

√(mπ
a

)2
+
(nπ
b

)2
+

(
lπ

d

)2

(10)

where µrεr the relative permeability and permittivity of the dielectrics inside
the cavity. For TE01l modes we can express the electric and magnetic fields
analytically:

Ey = E0sin
πx

a
sin

lπz

d
(11)

Hx =
−iE0

ZTE
sin

πx

a
cos

lπz

d
(12)

Hz =
−iπE0

kηa
cos

πx

a
sin

lπz

d
(13)

where η =
√
µ/ε is the intrinsic impedance of the dielectric inside the cavity

and ZTE = kη/β, where β =
√
k2 − (π/a)2. This equation leads to the

stored electric/magnetic energy We/m:

We =
ε

4

∫
V
EyE

∗
ydv =

εabd

16
E2

0 (14)

Wm =
µ

4

∫
V

(HxH
∗
x +HzH

∗
z )dv =

µabd

16
E2

0(
1

ZTE
+

π2

k2η2a2
) (15)

By using the definition of ZTE we find that at resonance Wm = We.
The power loss Ploss for the rectangular cavity can be derived for small losses
as:

Ploss =
RS
2

∫
Walls

|Ht|2ds (16)

with RS =
√
ωµ0/2σ the surface conductivity and Ht the magnetic field

tangential to the surface.
So far we can use the definition of the quality factor Q:
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Q = ω
average stored energy

energy losses/second
= ω

Wm +We

Ploss
(17)

where Wm/e is the magnetic/electric energy stored in the cavity and Ploss
the energy loss per second. At resonance we use Wm = We.
The Q factor can also be expressed as a loss rate: κ

2π = νc
Q . Since loss

rates are additive we are able to split the loss rate in external and internal
loss rates κ = κint + κext . This leads to the definition of the internal and
external Q factorQint andQext with the relation κint

2π = νc
Qint

and κext
2π = νc

Qext
.

Since the internal and external loss rates are additive we find the reciprocal
relation of the total Q factor with the internal and external Q factors:

1

Q
=

1

Qint
+

1

Qext
(18)

Further on we define the coupling coefficient G:

G =
Qint
Qext

(19)

By using the coupling coefficient we can define three regimes for a resonator:

• overcoupled: G� 1⇒ Q ≈ Qext

• critically coupled: G≈1 ⇒ Qint ≈ Qext

• undercoupled: G� 1⇒ Q ≈ Qint

Using eq. (16), (11), (12) and (13) we get the analytic solution of the Q
factor for the TE01l modes of a rectangular cavity:

Qint =
η

2π2RS
· (k10lad)3b

2l2a3b+ 2bd3 + l2a3d+ ad3
(20)

The lengths a,b and d are fixed parameters for a given cavity (good assump-
tion for negligible thermal expansion) and the parameter η and the indices
m,n,l do not change for examination of one specific cavity resonance. If
this assumption holds the quality factor in eq. (20) only depends on the
surface resistance RS =

√
ωµ0/2σ where σ is the conductivity of the cavity

material. We note that this formula is for non-superconducting materials.
A model to describe the surface resistance of superconducting materials is
presented in section 2.4. We conclude the following statement: A smaller
surface resistance leads to a higher quality factor for fixed side conditions.
Further on the Q can be written as:
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Q =
νr

∆νr
(21)

where νr is the resonance frequency and ∆νr is the half-power fractional
bandwidth (see figure 3). This gives a simple method to measure the Q
factor of the cavity by analyzing its frequency spectrum. The frequency
spectrum can readily be measured by a vector network analyzer (VNA).
The data obtained from the VNA is fitted to a Lorentzian shape of the
resonance to determine νr and ∆νr:

FL =
|S21(νr)|2(
ν−νr
∆νr/2

)2
+ 1

(22)

where S21(νr) =: T (νr) is the transmission coefficient at resonance frequency.
For such measurements we can write the coupling coefficient G, according
to [17], as:

G =

√
T (νr)

1−
√
T (νr)

(23)

Combining (18),(19) and (23) we obtain:

Qint =
Q

1− T (νr)
(24)

Qext =
Q

T (νr)
(25)

We conclude that for direct Qint measurement we want the system to be
undercoupled. Further on we define the insertion loss IL:

IL = −10log(T (νr))dB (26)

Additional losses can be caused by dielectric materials inside a cavity. In
our measurements we deal with a vacuum or helium filled cavity. This leads
to an additional term 1/Qhelium in (18). Qhelium is given by the loss tangent
of helium [19]: tan(δ) ' 10−10 → Qhelium = 1

tan(δ) ' 1010. We can neglect

this term in our measurement since we are in the range of Q = 106 for this
cavity. In the main experiment the cavity will be in vacuum, so this loss
due to the helium will disappear.
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Figure 3: Measured Q factor of mode 3 of the niobium cavity at 4.2 K in
helium. The Q factor is determined by equation (21). ∆νr (δν) and νr (ν)
are illustrated.

2.2 Niobium cavity design

For this experiment a cavity, based on the theoretical considerations in [16],
is constructed. The 3D design can be seen in figure 4. The dimensions of
the cavity are a=43mm, b=6mm and d=8mm. The cavity is produced out
of a bulk of niobium with purity 99.99 %. Niobium is a superconductor of
type II with critical temperature Tc = 9.25K [20] and is expected to give a
much higher quality factor for the cavity.

2.3 Cavity electrodes

Further on we insert two electrodes into the cavity. The placement of the
electrodes is at the nodes of mode 3 as shown in figure 6. These electrodes
will be needed in the main experiment of the Rydberg Project in order to
change the energy states of the Rydberg atoms according to the quadratic
AC Stark effect by applying an electrical field. The electrodes will be con-
nected to a SRS SIM928 voltage source with 1 mV resolution. The electrodes
are made of copper and have a length of 8.00 mm and a diameter 0.5 mm.
With the placement and the small diameter of the electrodes they have a
much smaller effect on the mode function of mode 3 than for the other TE10l

modes.
The electrodes lead to an additional loss rate in the cavity. This is associated
to an electrode Q factor Qele,theo. of the cavity, i.e. 1/Q = 1/Qint+1/Qext+
1/Qele,theo.. Integrating eq. (16) for the electrodes and the third mode, tak-
ing into account the temperature dependent conductivity of copper, leads
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Figure 4: Model of the cavity.

Figure 5: Picture of the niobium cavity used in the experiment without
entrance holes for the Rydberg atoms.
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to the following result for the pure electrode Q factor:

Qele,theo. = 1.497 ∗ 106 (27)

for σCu = 2.33 ∗ 108S/m for copper at 4.2 K obtained from previous Q
factor measurements of copper cavities. The detailed calculation is in the
appendix A. Here we assume that the electrodes do not significantly change
the mode function inside the cavity. This is justified for mode 3 as the HFSS
simulation in figure 6 shows.
Further on we will refer the niobium cavity without any electrode and with-
out any additional holes as the basic cavity. Figure 5 shows the basic cavity.
By comparing the Q factor of mode 3 for the basic cavity in the HFSS
simulation with the Q factor from the simulation of the cavity with the elec-
trodes, using σcopper = 2.33 ∗ 108S/m and eq. (18), we find the associated
electrode Q factor:

Qele,sim. = 1.379 ∗ 106 (28)

Since σCu will not significantly change for lower T this is an universal value
for the electrode Q factor and for that a fixed loss. Because σNb does
significantly depend on the temperature it is good to know this temperature
independent electrode Q factor.

Figure 6: Model of the cavity.

2.4 Q factor of superconducting cavities

For superconducting niobium the surface resistance RS in eq. (20) has to
be replaced by an effective model from the literature: [21].
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RS = RBCS +R0 =
A

T
ν2exp [−∆(Tc)/kBT ] +R0 (29)

where A is a material constant, T the temperature, k the Boltzmann con-
stant, ∆(Tc) = B · kBTc the Tc-dependent energy gap of niobium with B
a material dependent constant and R0 the residual resistance. The model
is valid for ν � 2∆/h ≈ 1012Hz and Tc/T > 2. This model is based on
cooper pairs which are used to describe superconducting materials [22]. A
qualitative understanding of eq. (29) is the following[22]:
At T=0 K all electrons have formed cooper pairs, which form a superfluid,
due to their bosonic nature, with zero resistance. For increasing T the frac-
tion of unpaired electrons increases with e−∆/kT . 2∆ is the energy gap of
the superconductor or in other words the energy needed to break up one
cooper pair. In a dc field the cooper pairs carry all the current and because
cooper pairs move without friction there is no resistance. If a RF field is
applied the cooper pairs are constantly changing their direction and due to
the internal mass of the cooper pairs a force must be applied to bring an
alternating direction of current flow. For that an AC field will be present
and accelerates the normal electrons leading to a finite resistance. This re-
sistance is proportional to the square of the RF frequency ν. Above Tc there
are no cooper pairs and we are back in the normal conducting regime of the
material.
The residual resistance R0 depends on many material parameters but mainly
on impurities. These impurities give a limitation of the minimal achievable
surface resistance for T → 0. Basically we can say that a higher RRR value
(residual resistance ratio, indicating the purity of a material) leads to a
smaller residual resistance.
The superconductivity leads to very high Q factors of cavities. Q factors up
to 1011 were measured in accelerator physics [23],[24],[25].

2.5 FEM simulations

The first four TE10l modes of the 3D Cavity are simulated with Ansys HFSS
using a discrete sweep with linear steps. Table 2 gives the parameters used in
the simulation. Figure 7 shows the electrical field of mode 3. The simulation
gives the following resonance frequencies for each mode:

νc1,sim = 18.853 GHz (30)

νc2,sim = 19.857 GHz (31)

νc3,sim = 21.430 GHz (32)

νc4,sim = 23.454 GHz (33)

The resonance frequencies calculated from theory, using eq. (10), are the
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following ones:

νc1,theo = 19.072 GHz (34)

νc2,theo = 20.006 GHz (35)

νc3,theo = 21.473 GHz (36)

νc4,theo = 23.372 GHz (37)

Table 2: Relevant parameter used in the HFSS simulation.

Relative Relative Bulk Dielectric

Permittivity Permeability Conductivity Loss Tangent

Copper 300 K 1 0.999991 5.8 · 107 s/m 0

Copper 4K 1 0.999991 23.2 · 107 s/m 0

Niobium 1 1 1.9 · 1012 s/m 0

Teflon 2.1 1 0 0.001

Vacuum 1 1 0 0

Peek 3.5 1 0 0.004

3 Measurements

3.1 Standard experiment

The measurements are done in a helium dewar with a dipstick. The niobium
cavity is connected via a copper piece to the dipstick. A temperature sen-
sor is connected at the bottom of the cavity. Two stainless steel microwave
cables are installed inside the dipstick for S-parameter measurements. Addi-
tionally there are four copper DC wires for optional measurement extensions.
The schematic setup is sketched in figure 8.
The coupling cable pins are slightly placed inside the cavity to achieve an
undercoupled cavity. The two (optional) amplifiers (amplifier 1 & 2) lead
to an increased S21 of about 28 dB each in the frequency range from 18 to
25 GHz. The used settings are mentioned at the end of this section. Im-
portant: the supply box Bias Box LNF S0012 has not the same positions
as Bias Box LNF S0010 and can cause a damage of the amplifiers! The
amplifier enhances the signal-to-noise ratio in the transmission parameter
S21. This follows from noise temperature [17]: Tnoise = N0

GkBBW
with BW

the band width, G the gain and N0 the noise power. The over all noise
temperature is typically dominated by the first amplifier noise temperature.
In a first step we fully insert the cavity into helium to efficiently reach a
cavity temperature of 4.2 K. In a second step we slowly pull out the cavity
until we see an increase in temperature. At this point we slightly pull back
the cavity such that the temperature sensor and the bottom of the cavity are
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Figure 7: Simulated electrical fields for mode 3.

Niobium Cavity

Microwave Cables

liquid Helium

Dipstick

(optional) amplifier
(optional) attenuator

Port 1 Port 2

VNA

Figure 8: Setup of the dipstick measurement.
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in helium. This leads to a direct cooling of the cavity without having liquid
helium inside. We will refer this as the standard measurement in helium
(SMH) situation. One may ask why we do not want to have liquid helium
inside the cavity. The reason is that we observe a jiggling and oscillation of
the resonance frequency if the cavity is completely inside the liquid helium.
In this case we are not able to perform an accurate measurement. This may
be caused by the leaky cavity and slowly entering helium. We also observe
an increase of this jiggling for small vibrations. Further on we perform a
two port measurement with a vector network analyzer (VNA) at a constant
temperature. The VNA is controlled via a LabView Software and stores the
data into a txt-file containing the frequency and the corresponding trans-
mission or reflection coefficient. In our case we are interested in the S21

transmission coefficient.
The stored data is further analyzed with a Mathematica file. Here we sub-
tract or add the transmission coefficient of the previously measured addi-
tional components in the two port circuit, i.e. coupling cable, dipstick cable,
amplifiers etc. Then the data is fitted according to eq. (22) from where we
obtain the Q factor of the cavity.
Used Components:

Amplifier 1 & 2 model TGA4507
connected to power supply Bias Box LNF
S0010 with D=6/10 (3V) and G=5/81 (-
130mV) where D: the Drain position and G:
the gate position.
maximal output power threshold = 12 dBm

Temperature Sensor DT-670C-Cu from Lake Shore Cryotronics
connected to Lake Shore model 325
curve 02 DT-670
off-set 0.19 K from comparison of theoretical
[26] and measured liquid helium temperature.

HEMT connected to power supply Bias Box LNF
S0012 with D=6/10 (1.2 V) G=6/80 (1.6 V)

3.2 Helium and vacuum measurement

For the following we will denote measurements with the complete cavity
inside the liquid helium with LHE and in helium vapor with HEV. We can
put a brass cylinder over the cavity and evacuate the whole system. The
advantages are a stable resonance frequency and a better control and relia-
bility of the temperature sensor. Compare also figure 9. The disadvantages
are a longer preparation and cooling time, a higher equilibrium tempera-
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ture and less space for all components compared to the SMH. The lowest
achieved temperature in vacuum is 5.1 K which corresponds to a Q factor of
1’083’000, where in SMH the highest achieved Q factor was about 1’963’000
for 4.2 K.
The advantages of the SMH are a better cooling, more space, a good adjust-
ment of the temperature from 9.25 K to 4.2 K and a time efficient prepara-
tion and measurement. The disadvantages are that helium or helium vapor
enters the cavity and that the uncertainty of the temperature measurement
is higher. The influence of liquid helium inside the cavity is discussed in
section 4.1.
Because of the time efficiency and the higher achievable Q factors we decided
to do most of the experiments with the SMH method described in section
3.1 and accepted the consequence of a lower confidence in the temperature.
If high accuracy in temperature or frequency was needed we performed the
measurement in vacuum.

Helium

Vacuum

4.5 5.0 5.5 6.0 6.5 7.0 7.5

21.42

21.43

21.44

21.45

21.46

21.47

Temperature T [K]

F
re
qu
en
cy

[G
H
z
]

Figure 9: The figure shows the resonance frequencies of mode 3 for the
measurement in helium vapor and in vacuum for decreasing temperature.
The frequency in helium is decreasing over multiple MHz during the mea-
surement. In contrast the resonance frequency in vacuum stays basically
constant.
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4 Measurement results

4.1 Frequency behavior in vacuum

Since the cavity will be in vacuum in the main experiment with a lower tem-
perature we analyze the temperature behavior of the frequency and at a fixed
temperature more closely. First we compare the resonance frequency of each
mode with the analytic formula, eq. (20), and the simulation. The result
from the vacuum measurement at 7.2 K and the simulated and theoretical
values for the resonance frequencies are summarized in table 3. Figure 10a
shows the difference from the measured resonance frequency at 7 K to the
analytic formula and the simulation at 300 K and the modified values at 7
K in figure 10b.

Table 3: Comparison of analytic formula and simulated resonance frequency
to the measurement at 7.2 K in vacuum.

mode 1 [GHz] mode 2 [GHz] mode 3 [GHz] mode 4 [GHz]

formu. 19.072 20.006 21.473 23.372

sim. 18.853 19.857 21.430 23.454

meas. 18.89546 19.89463 21.46798 23.48925
±0.10 kHz ±0.02 kHz ±0.03 kHz ±0.08 kHz

We see that the difference of the simulation for all modes at 300 K is about
40 MHz in the same direction. Therefore we suppose that the differences
come from the thermal expansion of the niobium which is not considered
in the simulation. And indeed we find a frequency change of 27 to 33 MHz
for the different modes by considering linear thermal expansion of niobium
using the formulas (38) and (39) below. Further on we have a fabrication
tolerance of one-hundredth of a millimeter. This leads to an additional un-
certainty of 21 to 23 MHz for the four modes. With the correction of the
frequency due to thermal expansion and the uncertainty due to fabrication
tolerances we find an agreement of the resonance frequency from the simu-
lation and the measurement as can be seen in figure 10b.
For completeness figure 11 shows the difference from the resonance frequency
in vacuum and the resonance frequency in liquid helium with (red) and with-
out (blue) the modification of eq. (10) with εr = 1.0492 of liquid helium
[27]. We see that the relative permittivity explains the observed change in
frequency for the LHE measurements.
Secondly we look at the frequency change in vacuum for decreasing tempera-
ture. As figure 12 shows there is a frequency shift in a range smaller than 100
kHz from 6.5 K down to 5.28 K. We find for the slope β = −73.63 kHz K−1

for a linear fit of the data. This value is interesting in the main experiment
to estimate the resonance frequency fluctuations due to thermal fluctuations.
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Resonance Frequency Measurement at 7K

Resonance Frequency Analytic Formula at 300K

Resonance Frequency Simulation at 300K
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(a) Difference from measured resonance frequency at 7 K and the analytic formula
and the simulation at 300 K.

Resonance Frequency Measurement at 7K

Resonance Frequency Analytic Formula at 7K

Resonance Frequency Simulation at 7K
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(b) Difference from measured resonance frequency at 7 K and the analytic formula
and the simulation modified with a linear thermal expansion of the cavity from 300
K to 7 K.

Figure 10: Difference of measured resonance frequency and the analytic
formula and simulation.
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Res. Freq. Measurement in Liquid Helium

ϵr Shifted Liquid Helium Res. Freq.

Res. Freq. Measurement in Vacuum
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Figure 11: Difference from the measured resonance frequency in vacuum and
the measured resonance frequency in liquid helium. The red circles include
the shift due to the relative permittivity of liquid helium.

Assuming thermal fluctuations of 100 mK, as estimated for the copper mea-
surement, we would find frequency fluctuations of 7.36 kHz. The frequency
change is explained due to the thermal expansion of the niobium. We use
the model of linear expansion and an empiric value for the change in length
from 300 K to 4 K [37]:

α =
1

L

∂L

∂T
≈ 1

L

∆L

∆T
(38)

∆L/L300 K = 1.43 · 10−3 (39)

where L is the initial length and α the linear expansion coefficient for nio-
bium in each direction. Fitting the model to our data we obtain for the
expansion coefficient α = 3.4247 · 10−6K−1. If we compare to a literature
value [28], α = (0.01 − 0.003) · 10−6K−1, we see a clear difference. The
measured value correspond more to the measured expansion coefficient at
70 K from [29]. It has to be mentioned that there are quite different values
for different measurements [30] [28] [31] or [29] but, compared to all, our
measured expansion coefficient is too large.
When we now look at a fixed temperature T we would expect to see no
change of frequency. And that is exactly what we see in figure 13. The Fre-
quency for one mode stays constant within the error for a fixed temperature.
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Measurement Data

Fit: 21.46888466 -73.63×10-6 K-1 ×T )GHz

5.0 5.2 5.4 5.6 5.8 6.0 6.2 6.4 6.6

21.46840

21.46845

21.46850

Temperature [T]

F
re
qu
en
cy

ν
[G
H
z
]

Figure 12: Measured frequency shift on temperature and linear fit. The
slope of the fit is −73.63 kHz K−1
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Figure 13: The figure shows the resonance frequencies of mode three for
multiple measurements at a fixed temperature t=5.28 K. As expected the
frequency is constant up to 1 kHz.
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4.2 Undercoupled cavity

To directly measure the internal Q factor we undercouple the cavity. Figure
14 shows the internal, external and total Q factor in a log plot. We see
that the external Q factor stays constant whereas the internal and total Q
factor are close to each others and show the same behavior for decreasing
temperature. This indicates that we measure in the undercoupled regime.
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Figure 14: Plot of the total, internal and external Q factor for changing
temperature with electrodes.

4.3 Basic cavity

Temperature dependent Q factor measurement

Further on we want to describe the temperature dependence of the Q factor
for the superconducting cavity. For that we measure the Q factor of the
cavity in vacuum for different temperatures and fit the obtained data the
analytic equation for the Q factor, eq. (20), including the model for the su-
perconducting surface resistance, eq. (29). The fit parameters are R0,∆, A
and T. Figure 15a shows the fitted model of the data. Figure 15b shows an
additional Q factor of a helium measurement which is not included in the fit.
We see that the measurement can not exactly predict the Q factor for lower
T. An explanation is that we do not reach sufficient low temperatures in the
dipstick measurement in vacuum to fulfill the condition for the surface resis-
tance model (Tc/T > 2). This could lead to the difference of the prediction
and the helium measurement. For further analysis the measurement has to
be repeated in the main experiment of the Rydberg Project where we fulfill
the condition for the model.
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(a) Fitted Q factor model to the measured data in vacuum. A = 3.54 ·
10−3Hz2K−1, ∆(Tc) = 4.46kBTc and R0 = 1.78 ∗ 10−4Ω
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(b) Fitted Q factor model to the measured data in vacuum. Data point
at 4.32 K is in helium and is not included in the fit. The confidence band
indicates that there is a larger error at lower temperature.

Figure 15: Fitted Q factor model for superconducting surface resistant.
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4.4 Cavity with electrodes

In the previous measurement with the basic cavity we observed a maximal
Q factor of 1’474’000. In the next step we prepare the cavity with two
copper electrodes at the nodes of the third mode. We than measure the
Q factor for this new system and apply different voltages at the electrodes.
The results are presented in figure 16 and do not show as significant change
for the cavity with the electrodes by changing voltages. Taking the average
over all Q factors of the cavity with electrodes gives a mean total Q factor
Qtot,ele = 689′000± 32′000
As described in section 2.3 we can identify the loss due to the electrodes
with an external Q factor Qele,meas.. Using equation (18) we obtain:

Qele,meas. = 1′293′000± 113′000 (40)

The comparison of the measured Q factor with the analytic formula, (27),
and the simulation in HFSS, (28), shows a reasonable and quantitative agree-
ment:

Qele,theo. = 1′497′000 (41)

Qele,sim. = 1′379′000 (42)

With this result we have our upper bound in the Q factor due to the losses
of the electrodes.

4.5 Cavity with Rydberg entrance holes

In this section we discuss the dependence of Q factor on Rydberg atom
entrance holes. The main goal is to have an entrance hole as large as pos-
sible while still having a high Q factor to measure in the strong coupling
regime. Therefore we simulate the cavity for different entrance hole diame-
ter in HFSS. The evolution of the Q factor is illustrated in figure 17. The
simulation shows that the Q factor starts to decrease for an entrance hole
diameter larger than 2.0 mm. The conductivity in this simulation is chosen
to result in a higher Q factor than in the measurement. Because of this
higher Q factor the effect of the entrance hole is observed more clearly than
in the measurement but it also makes a direct comparison more complicated.
An estimate of the correctness of the simulation gives the microwave wave-
length λ. The wavelength is about λ = 14 mm and if the diameter gets
larger than λ we expect an out coupling through the entrance holes.
The measurement started with an entrance hole width of 0.50 mm which
then is successively increased by simultaneously measuring the cavity Q fac-
tor with and without the electrodes. The measurement with the electrodes
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Figure 16: Overview of the Q factors for different cavity configurations. If
the electrodes are not inserted in the cavity we get a Q factor of about
1’474’000. The holes for the electrodes and also the peak pieces give a slight
change in the Q factor. The third mode is even increasing. After inserting
the two electrodes we see the expected decrease of the Q factor.
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Figure 17: Simulated Q factors for different entrance hole width without
electrodes. In the region from 0.0mm to 1.8mm we observe no significant
change due to the entrance holes. From 1.8mm to 4.0mm the Q factor for
mode 1 and 3 decreases nearly to 0. Mode 2 and 4 are basically unchanged
for the simulated diameters.
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is analyzed in the next section. The Q factors show the predicted behav-
ior from the simulation up to 1.8 mm. After the 1.8 mm measurement we
observed a fraying of the screw thread and fixed them. This fraying was
caused by too short screws of length 6 mm which were used in the vacuum
measurement to stick copper plates on both sides of the cavity. With the
fixed cavity and longer screws of length 8 mm we can increase the clamping
pressure of the two cavity halves. For the measurement for a diameter of
2.00 mm we observed an increase of the Q factor in all modes. Since the
increase occurred in all modes we assume that it was mainly caused by the
higher clamping pressure and not by the entrance holes. At a diameter of
2.30 mm we observed a decrease in the Q factor in mode 1 and 3 whereas
mode 2 and 4 stayed constant within the error. Because we only observed
the decrease in mode 1 and 3 we assume that this was now a consequence
of the entrance holes. Since we want a higher Q factor for the main mea-
surement we stopped the increasing of the holes at this point. The diameter
is large enough for the Rydberg atoms to travel through with a negligible
stray field.
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Figure 18: Measured Q factors for different entrance hole widths without
electrodes. At the entrance hole width of 1.80mm we observed a fraying
of the screw thread. The screw threads were fixed and longer screws were
used. At 2.00 mm we observe an increase in all four modes and at 2.30 mm
a decrease in mode 1 and 3 and constant behavior for mode 2 and 4.

4.6 Cavity with electrodes and Rydberg entrance holes

As mentioned before we also measured the Q factor for the cavity with the
electrodes. In the regime from 0.50 mm up to 1.80 mm we saw the constant
behavior of the Q factor as expected from the simulation. At 2.00 mm we
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saw again an increase of the Q factor as discussed in the previous section.
At 2.30 mm we observed a slight decrease of the Q factor of mode 1 and
3. Surprisingly there was a relative large increase of the Q factor of mode
2 at 2.30 mm diameter entrance holes. Since we did not observe a special
change of the Q factor in the measurement without electrodes, see figure 18,
we assume that the geometry of the cavity gives such a change of the mode
function that the loss through the electrodes decreases and overcompensate
any loss through the entrance holes. Because we are mainly interested in
mode 3 in the main experiment we did not further investigate this special
behavior of mode 2. From this measurement we obtain our final Q factor
which is sufficient for the measurements in the main experiment:

Q = 608′000± 12′000 (43)
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Figure 19: Measured Q factors for different entrance hole widths with elec-
trodes.

4.7 Additional measurements

4.7.1 Power dependence

To have a high signal-to-noise ratio and for that a good resolution of the
Q factor we perform the standard measurement with an input power of -10
dBm. To make sure that we do not have any energy dependent Q factor,
meaning a dependence on the photon number inside the cavity, we do a
measurement on mode 3 for different input powers. For this measurement we
use the basic cavity. Unfortunately the HEMT amplifier in our measurement
setup is broken and for that we are limited in the signal-to-noise ration. In
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the measurement we reach a lowest resolution of the photon number of about
7’700. For the estimate of the photon number inside the cavity we use the
following formula:

nphoton =
Pin
~νcκ

(44)

where Pin is the input power in Watt, νc ≈ 21.468 GHz the cavity resonance
frequency for mode 3 and κ ≈ 91 kHz the cavity loss rate. Figure 20 shows
the measured data. Within the error we do not observe a change of the Q
factor for lower input powers. There are some papers which do investigate
the change of the Q factor depending on the photon number which show
a significant change of the Q factor for some materials [32],[33],[34]. The
change, which they observed, would already be observable in the power
range we measured. Since we do not observe a change in our measurement
we do not have an indication that the Q factor should decrease for lower
photon numbers. To be sure we should repeat the measurement the main
experiment.

Q factor of mode 3

Mean Q factor of mode 3

7.
7*
10
8

7.
7*
10
7

7.
7*
10
6

7.
7*
10
5

7.
7*
10
4

7.
7*
10
3

900000

950000

1.00×106

1.05×106

1.10×106

1.15×106

1.20×106

Photon Number

Q
F
ac
to
r

Figure 20: Measured Q factors for different input power which is related to
the photo number inside the cavity. The measurement showed no in- nor
decrease of the Q factor for the measured input power.

4.7.2 Magnetic field

Since there are magnetic fields from other laboratories we investigate if we
see a change in Q factor for different magnetic fields. This is done with the
basic cavity. A coil is put around the cavity which is connected to a current
source. Because of the Meissner effect we warm up the cavity above the
critical temperature for each change in the magnetic field and then cool it
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down again. The strength of the magnetic field changes from 0 to 38 times
the earth magnetic field strength. The magnetic field of the earth varies
from 0.03 mT to 0.06 mT[35]. We chose 0.06 mT as our reference value.
Niobium is a superconducting material up to a critical magnetic field of 0.15
T [36] at 4 K. So we do not break the superconductivity. Further on we do
not observe a significant change of the Q factor for changing magnetic fields
as shown in figure 21.
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Figure 21: Measured Q factors for different applied magnetic fields. Over
all there is no evidence that the magnetic field changes the Q factor in the
range of the applied magnetic field strength.
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5 Conclusion and outlook

Conclusion
In this thesis we showed that the new designed cavity fulfills the attributes
in the Q factor to do QED measurements in the strong coupling regime.
We showed that the resonance frequency and the Q factor in vacuum can
be well described with our simulations and analytic formulas. Also a simple
model based on the BCS theory is provided to estimate and describe the Q
factor for superconducting materials for lower temperatures.
The effect of the electrodes, used for quadratic AC Stark shift manipulation
of the Rydberg atoms, on the Q factor was described with an analytic for-
mula and the simulation in HFSS. The measured Q factor, associated to the
electrodes, showed a quantitative good agreement with the simulation and
a principal agreement with the analytic model for the third mode.

Qele.,meas. = 1′293′000± 113′000

Qele.,sim. = 1′379′000

Qele,.theo. = 1′525′000

The total Q factor for the cavity with the electrodes is:

Q = 689′000± 32′000

This shows that the Q factor is still high enough for measurement in the
strong coupling regime. Further we also measured the effect of the electrodes
for mode 1, 2 and 4 and saw an expected decrease.

To have interaction from the electrical field of the cavity with the Rydberg
atoms two entrance holes are needed. The effect of the entrance hole width
on the Q factor was simulated in HFSS and showed a significant influence for
diameters larger than 2.0 mm. We measured the total Q factor for increasing
entrance hole width and saw a significant effect for a diameter of 2.30 mm.
For still having a high Q factor we stopped at this point. The final Q factor
for a diameter of 2.30 mm of mode 3 with the electrodes is:

Qmode 3 = 608′000± 12′000

Outlook
The next step would be to mount the niobium cavity into the setup of
the main experiment. There we have better possibilities to measure the
temperature dependence of the Q factor and the influence of the photon
number on the Q factor. Our results on the Q factor imply the possibility to
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get into the strong coupling regime for a reasonable atom number of N=1000.
Therefore dispersive shift measurements with this cavity are planned in the
near future. An optional investigation would be to find a method to easily
tune the resonance frequency of the cavity while having it in the main setup.
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the pleasant time. In special I want to thank Prof. A. Wallraff for giving
me the opportunity to do my semester thesis in his lab. Finally I wish the
whole group a lot of success in their research and all the best for the future.

30



References

[1] Rainer Blatt and David Wineland. Entangled states of trapped atomic
ions. Nature, 453(7198):1008–1015, 2008.

[2] Ronald Hanson and David D Awschalom. Coherent manipulation of
single spins in semiconductors. Nature, 453(7198):1043–1049, 2008.

[3] Pieter Kok, W. J. Munro, Kae Nemoto, T. C. Ralph, Jonathan P.
Dowling, and G. J. Milburn. Review article: Linear optical quantum
computing. pages 1–41, 2005.

[4] M H Devoret and R J Schoelkopf. Superconducting circuits for quantum
information: an outlook. Science (New York, N.Y.), 339(6124):1169–
74, 2013.

[5] P Rabl, D. Demille, J M Doyle, M D Lukin, R J Schoelkopf, and
P Zoller. Hybrid quantum processors: Molecular ensembles as quantum
memory for solid state circuits. Physical Review Letters, 97(1):33003,
2006.

[6] Anders S Sørensen, Caspar H van der Wal, Lilian I Childress, and
Mikhail D Lukin. Capacitive coupling of atomic systems to mesoscopic
conductors. Physical review letters, 92(6):063601, 2004.
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Appendix

A Calculation of electrode Q factor

We go through the calculation of the electrodes Q factor using the theoretical
model in eq. (16) to calculate the loss from the electrodes. For Ht we use
(12) with z = 0 and x = a

3 where a/3 is the knot point for the first electrode.
Because the cavity is symmetric we do the calculation just for one electrode
and then inverse add it twice. The radius of the electrodes is 0.25 mm and
they are made of copper. In the formula for the surface resistance we use
the estimated conductivity of copper σCu = 23.2 · 107s/m. By doing the
integration from 0 to d, where d is the length of the electrode, we get the
loss for one electrode:

Ploss = 1.01 · 10−13 W

The total stored energy of the cavity by using eq. (14) is given as:

2 ∗We = 2.23 · 10−18 W

Using eq. (17),(23) and the resonance frequency νc ≈ 21.468 GHz from the
vacuum measurement we obtain a Q factor for one and both electrodes:

Qone ele.,theo. = 2.993 · 106

Qele.,theo. =

(
1

Qone electrode
+

1

Qone electrode

)−1

= 1.497 · 106
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