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Resolving Vacuum Fluctuations

in an Electrical Circuit by Measuring
the Lamb Shift

A. Fragner,® M. Goppl,* J. M. Fink,* M. Baur,* R. Bianchetti,® P. ]. Leek,* A. Blais,? A. Wallraff*
Quantum theory predicts that empty space is not truly empty. Even in the absence of any particles
or radiation, in pure vacuum, virtual particles are constantly created and annihilated. In an

electromagnetic field, the presence of virtual photons manifests itself as a small renormalization of

the energy of a quantum system, known as the Lamb shift. We present an experimental observation

of the Lamb shift in a solid-state system. The strong dispersive coupling of a superconducting
electronic circuit acting as a quantum bit (qubit) to the vacuum field in a transmission-line
resonator leads to measurable Lamb shifts of up to 1.4% of the qubit transition frequency. The
qubit is also observed to couple more strongly to the vacuum field than to a single photon
inside the cavity, an effect that is explained by taking into account the limited anharmonicity of

the higher excited qubit states.

he concept of the vacuum field was orig-
inally invoked as an explanation for the
natural linewidths of atoms in free space and
given its physical interpretation in terms of virtual
particles within the framework of quantum field
theory (/). The electromagnetic vacuum leads to a
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Fig. 1. Sample, experimental setup
and energy-level diagram. (A) (Top)
Optical image of the superconducting
coplanar waveguide resonator with the
transmon-type superconducting qubit
embedded at the position shown boxed.
(Bottom) Magnified view of boxed area,
showing the qubit with dimensions 300
by 30 um? close to the center conductor.
(B) Simplified circuit diagram of the
setup, similar to the one used in (21).
We capacitively coupled the qubit at
temperature 20 mK to the radiation
field contained in the resonator through B
Cy. We coupled the resonator, repre-

sented by a parallel LC circuit, to input

and output transmission lines via the Vit
capacitors G, and Cy. We controlled
the qubit transition frequency via a Vs

current-biased (/) coil generating a
magnetic flux @ threading the qubit
loop. Microwave signal generators for
populating the resonator with photons
(vy) and for exciting the qubit spectro-
scopically (v9 are shown. By using
ultralow-noise amplifiers at 1.5 K and

number of observable effects (2), most notably the
Casimir forces (3), which cause mechanical dis-
placements of parallel conducting plates in vacuum;
the Purcell effect (4), which governs the spontane-
ous emission of a quantum system coupled to a
cavity field; and the Lamb shift (5, 6), a radiative
level shift that was first observed in hydrogen
atoms. The Lamb shift has since been investigated
in a number of experiments in the atomic domain
(7-9), in which it is also being established as an
ultra-high precision test of the theory of quantum
electrodynamics (QED) (10). The interaction with
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the vacuum fluctuations is the underlying reason for
the spontaneous emission of radiation from any
excited quantum system (/7). The same effect also
triggers the well-known process of vacuum Rabi
oscillations in cavity QED (/2-15). Quantum
fluctuations have been demonstrated to determine
the spontaneous emission lifetime of superconduct-
ing quantum bits (qubits) (/6); they also serve as
a benchmark for amplifiers and the squeezing of
quantum noise at the quantum limit (/7, /8) or for
detecting the zero-point motion of nanomechanical
oscillators (79).

We observed the cavity-enhanced Lamb shift
of an individual superconducting two-level sys-
tem coupled to a high-quality factor resonator
with a large vacuum-field strength (/4) in an
architecture known as circuit QED (20, 21). Our
measurements were carried out with a super-
conducting transmon-type qubit (22), a Cooper
pair box (23) with a large ratio of Josephson-to-
charging-energy (Ey/Ec). Its energy-level spec-
trum (22) is controlled by a flux @ threading the
loop formed by the two parallel Josephson
junctions (Fig. 1B) that determine the Josephson
energy Ey = E/"™|cos(n®/®,)|, where E;™™ is
the maximum Josephson energy of the two tunnel
junctions and @y is the magnetic flux quantum.
The electrostatic energy of the qubit Ec = ¢%/ 2Cs
is determined by its total capacitance Cs, with e
being the electron charge. The qubit is strongly
coupled to a coplanar transmission-line resonator
(20, 21) with a fundamental resonance frequency
/21 = 6.44 GHz and a photon decay rate k/2n =~
1.6 MHz. The transmon qubit provides for both a
large dipole-coupling strength to the resonator
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a mixer at 300 K, we down-converted the transmitted microwave signal with a local oscillator (LO) and digitized with an analog-to-digital converter (ADC) for measuring
the qubit and photon states. (C) Energy levels of the coupled (solid lines) and uncoupled (dashed lines) qubit/cavity system versus detuning A. The corresponding states
and their characteristic energy shifts are indicated (see text for details).
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(14, 24) and long relative coherence times at the
expense of limited anharmonicity in the energy-
level spectrum (16, 22, 25). Optical images of our
device and a simplified circuit diagram of the
setup are shown in Fig. 1, A and B.

The coupled qubit/cavity system is well
described by a Jaynes-Cummings Hamiltonian

H= hogeGee + hoyd'a +
(1)

where o, denotes the transition frequency from
the ground state (|g)) to excited state (|e)) of the
qubit andé;; = |i) (/| are the corresponding op-
erators acting on the qubit states. The dynamics
of'the cavity field of frequency w; is described by
the creation and annihilation operators a, 4 acting
on the photon number states |#) and the dipole
coupling strength between qubit and cavity is
given by g,.. Equation 1 can be generalized to take
into account additional qubit levels (22, 24).

In the resonant limit A = g — @, — 0, a
single quantum of energy is coherently exchanged
between the qubit and the cavity (21, 24), which
are described by the joint-dressed qubit-field state
vectors |nt) = (|g,n) + e,n — 1))/4/2 (Fig. 1C). A
qualitatively different regime is obtained when
qubit and cavity are far detuned from each other
(|A] >> gge). In this dispersive limit, the two sys-
tems do not exchange energy resonantly, instead
their interaction manifests itself in the form of fre-
quency shifts (20, 21, 26). The qubit transition
frequency wg. is renormalized by the dispersive
interaction and experiences a detuning-dependent
ac Stark shift 65 ~ 2 n ggez/A for a cavity field
populated with n = (@'a) photons (26), as well as
a Lamb shift §; ~ ggez/A due to its interaction
with the vacuum fluctuations, (@ 'a)=0 (Fig. 1C).
In our circuit QED setup, we are able to adjust the
size of the Lamb and Stark shifts by controlling
the detuning A between the resonator frequency
and the qubit frequency. A similar approach has
been used in an experiment with Rydberg atoms
interacting with the vacuum field in a three-
dimensional microwave cavity (8).

To resolve the relatively small Lamb shift of
our solid-state quantum system, an accurate mea-
surement of the characteristic qubit parameters
and their dependence on the control variables
was essential. We determined the qubit transition
frequency and its periodic modulation with applied
magnetic flux by measuring the cavity-transmission
spectrum (24) and simultaneously performing
qubit spectroscopy with a dispersive measure-
ment of the cavity frequency shift (26). With this
procedure, we can determine both the flux pe-
riodicity and the flux offset because of magnetic
offset fields to an accuracy of better than 10> @,
From here on, we express the applied magnetic
field in terms of a normalized flux ®/®,. Adjust-
ing the applied flux bias to ®/d, = 0, the qubit is
tuned to its maximum transition frequency my/2m =
7.84 GHz, which we determined spectroscopically.
At this bias point, we also determined the transition
frequency w,/2m between ground |g) and second
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excited qubit state | /) via two-photon absorption
spectroscopy (22, 25), which yields an anharmo-
nicity of 0, = (g — 0er)/21 ~ 250 MHz. With these
two quantities, we were able to in turn determine
the maximum Josephson coupling energy E;™™ =
35.11 GHz and the charging energy of our device
Ec = 231.7 MHz at maximum positive detuning
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from the cavity, in which the dispersive shifts are
small. To check for consistency, similar measure-
ments have been performed down to negative
detunings of |Al/2r ~ 3 GHz. The excitation
spectrum of our qubit, including its higher excited
states, is fully determined by Ey™, Ec, and the
flux periodicity (22).
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Fig. 2. Spectrum of the coupled qubit/cavity system. (A) Measured transition frequencies of cavity
(blue circles) and qubit (red circles) versus normalized flux bias ®/®,. The dashed horizontal line is
the cavity transition frequency w,, and the dashed slanted line is the calculated bare qubit-
transtion frequency mge. The green solid lines are the numerically calculated eigenfrequencies of
the coupled system. Overlap of resonator transmission (open blue circles) and qubit spectroscopy
data (solid red circles) is indicated by black arrows on the detuning axis (see text for details). (B)
Measured resonant vacuum Rabi mode—split cavity transmission spectrum T (blue line) versus probe
frequency v, at flux bias, indicated by blue arrows in (A). The solid red line is a fit to a double-peak
Lorentzian. (C) Measured spectroscopic qubit line shape (blue line) versus spectroscopy frequency
vs at flux bias, indicated by red arrows in (A). The solid red line is a fit to a Lorentzian.

Fig. 3. Lamb shift. Difference between
measured qubit-transition frequency ®ge/21
dressed by the vacuum-field fluctuations
(red circles) and calculated bare qubit-
transition frequency wq./27 versus qubit-
cavity detuning A/2n (bottom axis) and
normalized flux bias ®/®, (top axis). The
right axis shows the Lamb shift as a per-
centage relative to the bare qubit transition
frequency. The red line is the predicted
Lamb shift calculated with exact numerical
diagonalization of the generalized Jaynes-
Cummings Hamiltonian, and the dashed
green line is gg.*/A from a dispersive ap-
proximation of Eq. 1.
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We then determined the resonant qubit/field
coupling strength g, by measuring the anticrossing
of the flux-tunable qubit and the fixed-frequency
resonator. The extracted frequencies v, of the qubit/
cavity superposition states [n=) for n = 1 photon are
shown as blue circles in Fig. 2A as measured with a
probe tone power populating the resonator field with
much less than one photon on average. Here, the
energies of the |1£) states were determined by mea-
suring the photonic component of the joint qubit/
field-state vector. On resonance (A = 0), in which
the joint states have equal qubit and photon character,
we extracted the coupling strength g,/2r = 133 MHz
from the observed vacuum Rabi-mode splitting (Fig.
2B), which in tum also allowed us to calculate the
coupling between higher transmon levels and the
cavity (22). The measured eigenfrequencies v were
in excellent agreement with the exact numerical so-
lution of the generalized Jaynes-Cummings Ham-
iltonian, taking into account higher qubit levels (Fig.
2A, solid green lines), at which we considered the
qubit spectrum up to the fifth excited state and res-
onator states up to [4). At this point, we fully deter-
mined the parameters that govern the coupled qubit/
resonator system and set out to spectroscopically
measure the Lamb shift of the qubit because of the
coupling to the fundamental mode of the resonator.

Using magnetic flux bias, we detuned the
qubit to well below the cavity-resonance frequency
(|A]>> gq), at which the joint qubit/field state has
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a predominantly qubit character (|e,0)) (Fig. 1C).
We then spectroscopically determined the tran-
sition frequency @ q./2m between |g,0) and |e,0)
by probing the resonator response in a dispersive
quantum nondemolition measurement (26), which
measures the qubit component of the joint state.
At the largest investigated detuning (|A| ~ 620 MHz),
this state has a predominantly qubit character
with ~99.5% probability for |e,0) and ~0.5% for
lg,1) (20). In a typical qubit spectral line (Fig. 2C),
the qubit line width is on the order of 8, ~3 MHz,
slightly power-broadened by the spectroscopy
tone. Here it is important to point out that first we
applied a long microwave pulse to the qubit to
prepare a fully mixed state. Only after this, we
applied a measurement tone to the resonator, the
amplitude of which was used to readout the qubit
state (26). In this pulsed spectroscopy scheme,
excitation and measurement tones were separated
in time, and the cavity was left approximately in
the vacuum state |0), when the spectroscopy
pulse was applied to the qubit. In contrast, per-
forming a measurement with a continuous tone at
the cavity frequency simultaneously with the spec-
troscopy pulse would result in an observation of a
photon number-split qubit spectrum. In that case,
the strong dispersive coupling leads to distinct, well-
separated qubit lines that correspond to the individual
photon number states, as is discussed theoretically
in (27) and observed experimentally in (28).
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Fig. 4. Number splitting and ac Stark shift. (A) Spectroscopically measured qubit-transition
frequency ®q./2m (data points) dressed by a weak coherent field. The solid circles with colors (red, dark
blue, green, aquamarine, and light blue) correspond to number-split qubit transitions with n =0, 1, 2, 3,
and 4 photons, as indicated in the upper right-hand corner. Open circles are pulsed spectroscopy data
from Fig. 2A. The solid lines are corresponding dressed-state energy levels calculated by exact diag-
onalization of the generalized Jaynes-Cummings Hamiltonian, and the dashed line is the bare qubit-
transition frequency. (B and €) Measured number-split qubit spectrum at flux bias are indicated by blue
and red arrows in (A). The photon number states In) corresponding to each peak are indicated.
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We then sequentially reduced the detuning A
and extracted the qubit transition frequency from
the maximum in the pulsed spectroscopic line (Fig.
2C). The extracted dressed frequencies @ g./27 are
shown as red circles in Fig. 2A. We observed that
the measured frequencies coincide for all detun-
ings with the frequencies of the |1-) state calcu-
lated from an exact numerical diagonalization
of the generalized Jaynes-Cummings Hamiltonian
accounting for the first five transmon levels. The
difference between the measured and the bare qubit
transition frequency (dashed slanted line), resulting
from the interaction with the vacuum fluctuations,
was clearly observed and well-resolved by many line
widths. This represents a direct spectroscopic obser-
vation of the Lamb shift in a solid-state system and
demonstrates the dispersive interaction of a super-
conducting qubit with the vaccuum field in a cavity.

We explicitly extracted the Lamb shift from
the data versus flux-controlled detuning by
subtracting the measured qubit transition fre-
quency ® g./2m from the calculated bare frequency
0ge/27, as shown by red circles in Fig. 3. For the
measured range of detunings, we found that the
Lamb shift varies from about 30 MHz at a detun-
ing of |Al2n ~ 620 MHz to 85 MHz at |A|2r ~
130 MHz, corresponding to a maximum value of
roughly 1.4% of the bare qubit-transition frequen-
cy. The data are in good agreement with the Lamb
shift that was calculated from the generalized
Jaynes-Cummings Hamiltonian, including counter-
rotating terms, shown as the solid red line in Fig. 3.
For comparison, the Lamb shift ggcz/A expected
from a simple dispersive approximation of Eq. 1 is
shown as a dashed green line in the same plot.
The dispersive approximation is in good agree-
ment with the data for large A and is seen to break
down for small A. The Bloch-Siegert shift (29) is
small for the given coupling strengths in our sam-
ple and could not be resolved.

Over a range of detunings (Fig. 2A, black
arrows), the energy of the coupled qubit/resonator
system was extracted both from the photonic
component, measured by probing the cavity res-
onance frequency, and the qubit component, mea-
sured spectroscopically. We observed virtually
identical, and thus consistent, frequencies in the
overlap region of the data from the two inde-
pendent measurements (Fig. 2A, open blue and
solid red circles).

Finally, we checked that the observed energy
shifts were indeed solely due to the vacuum fluc-
tuations of the radiation field and not confused
with ac Stark shifts induced by residual photons
in the cavity. To do so, we applied a continuous-
wave coherent microwave field at the resonator
frequency with the qubit in the ground state,
populating the cavity with a small mean number
of photons. We simultaneously used the same
tone to perform a dispersive measurement of the
qubit state. The resulting number-split qubit
spectra (27, 28) under weak qubit driving are
shown in Fig. 4, B and C, for two different detun-
ings (Fig. 4A, arrows). Each individual peak can
be clearly associated with a photon number state
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|n) of the cavity. The extracted peak frequen-
cies forn =0, 1, 2, 3, and 4 photons are plotted
as solid circles in Fig. 4A. The corresponding
transitions are also indicated by dotted arrows
in Fig. 1C. Again, we clearly observed that the
qubit frequency is Lamb-shifted with respect to
its bare frequency by the vacuum state of the
cavity. The pulsed spectroscopy data of Fig. 2A
(open circles) are also in good agreement.
Moreover, we resolved the quantum ac Stark-
shifted qubit-transition frequencies of the corre-
sponding photon number states |#) and their
dependence on the flux-controlled detuning.
As before, we were able to explain the observed
frequencies of the individual transitions accu-
rately, solving the generalized Jaynes-Cummings
Hamiltonian numerically by taking into account
up to five qubit (g, e, f, A, and i) and five cavity
levels (n = 0, 1, 2, 3, and 4 photons) (Fig. 4A,
solid lines). Only for n = 4 photons, small devi-
ations between data and theory were observed.
These are probably related to the limited ac-
curacy with which the resonant frequency can be
extracted from the number-split line, the width of
which scales with nk. This data consistently dem-
onstrates that the measured frequency shift for an
empty cavity (n = 0 photons) can be associated
with the vacuum fluctuations of the cavity radia-
tion field.

As a final check, we determined the back-
ground thermal photon number in our circuit QED
system by probing the resonant vacuum Rabi-
mode splitting. A small thermal population of the
|1+) states can be detected through the transitions
from the first doublet of the Jaynes-Cummings
ladder into the second doublet |1£) — |2%), ap-
pearing as weak lines in the transmission spectrum
of the resonator. The effective temperature of the
radiation field was estimated to be 7, = 90 mK,
corresponding to a mean thermal photon number
of 7y, = 0.03, where we have analyzed in detail
the amplitudes of these lines in the vacuum Rabi-
mode splitting (30, 31).

Another observation concerns the relative
size of the Lamb and ac Stark shifts. In general
for a two-level system, the ac Stark shift per
photon is expected to be twice as large as the shift
induced by the vacuum field. However, we made
the surprising observation that the measured
Stark shift per photon is in fact smaller than the
Lamb shift (Fig. 4A). This phenomenon can be
explained by considering the higher excited states
of our qubit beyond {le),|g)}. As discussed theo-
retically in (22), the ac Stark shift per photon is
renormalized by the presence of the third transmon
level |f) and consequently reduced by a factor
proportional to the level of anharmonicity. For the
given measured anharmonicity of our artificial
atom, we indeed reached the limit of 8g/n < §;. In
this way, the qubit appeared to couple more
strongly to the vacuum field than to a single
photon inside the cavity. Similarly, for two coupled
strictly harmonic quantum oscillators, only a Lamb
shift but no photon number-dependent Stark shift
is expected, a situation that was approached in our
experiments because of the limited anharmonicity
of the qubit.

The Lamb shift induced in a solid-state quan-
tum system by the vacuum fluctuations of the
electromagnetic field in a resonator was observed
spectroscopically. In resolving this effect, we ex-
plicitly demonstrate the presence of dispersive
vacuum-field interactions in circuit QED and
show that these can exceed the interaction with a
photon-populated field. The clear observation of
vacuum fluctuations in this strongly coupled
system should serve as a motivation for further
experiments aimed at investigating other effects
triggered by quantum fluctuations of electro-
magnetic or even nanomechanical degrees of
freedom in solid-state systems (79, 32).
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A Cryptand-Encapsulated
Germanium(ll) Dication

Paul A. Rupar, Viktor N. Staroverov, Kim M. Baines*

Unlike cations of metals such as sodium or calcium, oxidized silicon and germanium centers
generally require strongly bound covalent ligands. We report the synthesis and characterization
of a germanium(ll) dication in the form of the salt (Ge-cryptand[2.2.2])(05SCF5),. The salt is isolated
in 88% vyield from the reaction of cryptand [2.2.2] and an N-heterocyclic carbene complex of
GeCl(05SCF3) as an air-sensitive, white solid. The crystal structure of the salt shows minimal
interaction between the cryptand-encapsulated germanium(ll) ion and the two ~03SCF;3
counterions. These results suggest a widely expanded role of cryptands and related molecules in

stabilizing nonmetallic cations.

been an icon of science, providing a uni-
fying vision for a seemingly diverse range
of chemical facts. On the basis of their positions

For over a century, the periodic table has

in the table, the main-group metals of groups
1 and 2 are expected to, and indeed form, stable
free cations in solution with only weak coordi-
nation of the solvent. In contrast, elements in

groups 13 to 15—particularly those of the first
few periods: boron, silicon, phosphorus, and
germanium—tend not to form cations, preferring
to bond covalently to ligands. Despite the
expectations, chemists have succeeded in synthe-
sizing silylium (/, 2) and germylium monoca-
tions with a vacant coordination site (3—5) in the
condensed phase by employing two key strat-
egies: (i) the use of bulky ligands and/or (ii) the
use of noncoordinating counterions (6). Both tac-
tics effectively stop the coordination of a fourth
ligand to complete the octet at silicon or germa-
nium (7, &). This methodology has been extended
to silicon(Il) and germanium(Il) cations, which
have only a single covalently bound ligand, as
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